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Abstract — In target tracking applications, the full infor- rently in effect, i.e. to Multiple Hypothesis Tracking (MHT
mation on the kinematic target states accumulated overaad Interacting Multiple Model filters (IMM).
certain time window up to the present time is contained in The paradigm presented in this paper aims at process-
the joint probability density function of these state vexito ing OoS measurements on the fly even if clutter is present
given the time series of all sensor data. In [1] the strucand the system model in use might not be unique. To
ture of this Accumulated State DensfySD) has been re- the authors knowledge, this is the first time an algo-
vealed. Furthermore, ASDs enable us to process Out-gthm is presented and evaluated which combines a Multi-
Sequencg00S) measurements in a neat and straightforHypothesis/Interacting Multiple ModeMHT/IMM) tracker
ward way. This paper presents an algorithm for the prawith a filter methodology to process OoS measurements. To
cessing of O0S measurements in situations with more this end, we constitute so callektcumulated State Den-
laxed assumptions. On the one hand, sensors often retsities (ASD), which were introduced by W. Koch in [1].
ambiguous measurement data. Then, measurement assoCigese contain the correlation information of all statesinit
tion methodologies as the Multi-Hypothesis TrackdHT) a given time window and enable us to calculate the impact
are required. On the other hand, the evolution model in ugé¢ a measurement on all these states.
might not be unique. The well-known approach to this chal-
lenge is the Interacting Mult.|ple ModelNIM ) filter. .In th.'s . Structure  This paper is organized as follows. The current
paper, an IMM/MHT extension to the ASD paradigm is dis-_ .. ds with a clear and more formal formulation of
cussed, tested by simulation, and evaluated. section ends wi : :
the problem. Section 2 summarizes the structure and the

: Bayesian predictor-corrector methodology for filtering of
1 Introduction the ASDs. Then, in section 3 this framework is extended to
1.1 Motivation the paradigms of MHT/IMM. In the last section, we present

The problem of Out-of-Sequenc®¢S measurements is a discussion and an evaluation of simulation results.

inherent in many applications of distributed sensdgst- .
effort protocols for a network transport layer are able ta'z Formulation of the problem
deliver data almost in real-time, but often effects like re- The knowledge of state quantities as a vestpat arbi-
orderings or even burst re-orderings of packets can be otary timet; given all sensor dat&* up to timet; can be
served. These phenomena appear e.g. by multi-path packeresented by the conditionatobability density function
delivery in networks or by bottle-neck links in an inhomo{pdf) p(x;|Z*). This is why many state estimation algo-
geneous network topology. rithms calculate or approximate this pdf [3,4]. In order to
In [1] it becomes clear that the information necessagllow O0S measurements as input to a Bayesian estimator in
for a neat processing of O0S measurements is contairsedatural way, it is crucial to investigate the propertied an
in the joint density of all states within a certain time wincorrelations between each state. This can be done by cal-
dow, which is at least as big as the time lag of the arrivingulating the joint pdf(x, . . . ,x,| Z*) of the accumulated
measurement. This is similar to the results of [13] whewstate vectoky.,, := (x;,...,x, ) on a certain time win-
a pseudo innovation of the corresponding lag is calculatddw t,,, tx], which corresponds tb—n steps. Whenever the
and then fused with the delayed data. This lag may not bendard Kalman filter is applicable (perfect sensor-tiata-
greater than a given parameter, which is part of the modelitrgck association, linear Gaussian sensor and evolutiah mo
assumption. However, these considerations can be genee#d), it is possible to calculate thégcumulated state density
ized to the case of ambiguity with respect to the origin ¢ASD) as is shown in [1] and sketched in the next section.
the sensor data and with respect to the evolution model, cAs long as the time stamp of an arriving measurement is



within that time window, an update of the accumulated stateBy a repeated use of Bayes’ rule and the Markov assump-
can be calculated independent of whether it is in-Sequert@m, the ASD can be written as
or Out-of-Sequence. et
In this paper, we show that the postulation of perfectp(x’“”|Z ) o< Pk i) p(xklx—1)
sensor-data-to-track association can well be relaxedrefhe o p(Xi [Xm—1)
fore, let us assume that the output of a sensor at tjnie P(Znt1]|Xnt1) P(Xnt1]%n) p(x0]Z2")  (2)
given as a set of measuremeRts’}; -1, 4, where the ) ) _
number of measuremengsmay vary in time. Furthermore As we assume a Gaussian linear evolution and sensor
if the sensor’s detection probabiliti?, is smaller thant, model given by
it might happen that all measurement$ of one scan are
Cluttgr P §§ p(Xz\Xl—l) = /\/(Xl; Fl|171Xl—1, Dl\lfl)a 3
The other extension to the ASD filtering algorithm in- p(zilxi) = N (zi; Hixi, Ry) )
yolves multiple evqlution models.. In practical applicao e may insert (3) and (4) now into (2):
it may be uncertain which evolution model out of a set of
r possible alternatives is currently in effect (differengfit  p(x;.,,| 2 1) oc J] [N (z; Hixi, Ry)

phases such as no turn, slight maneuver, kighrn, e.g.). I£m
; I .
The maneuvering clasisf. i < r an object bglongs to at - N (x5 Frpoaxi1, Dyji_y)]
time t;, can thus be considered as a part of its state. The
presented work states the prediction and update equations + N (%n; Xpjn, Pajn)
under consideration of multiple models. - N (%m; Frojm-1Xm-1, Dim-1), (5)

where N (x,; X0, Pyn) is the estimation density at time

2 State estimation with Accumulated t, for the statex,,. Now, a repeated use of a well-known
. . product formula (see (51) in the appendix) yields
State Density Filters .
. . . - P(Xpn|ZF71) o N (x3 i, Prjre)
This section summarizes the prediction and update step 1
of an ASD filter. For shortening reasons we have to skip the ] ‘h
full derivation of the ASD covariance matrix which can be H N Gas Bujpaxien, Ryren), - (6)
read in detail in [1]. . .
At first, assume a scenario where the Kalman filter is aphere forl # m the functionshy;.,(-) and covariances

plicable. As an induction start, let the state density for aftui+1 are given by
sensor data up to timeg_; be given by a Gaussian pdf:

l=n

hyjr(xi41) = x0 + Wy (%41 — x41p), - (7)
Ry =Py — Wl\l+1Pl+1\lW7—;,|m+1v 8)

_ T -1
Wm\erl = Pmlmlem+1\um+1|m—1’ (9)

p(xk71:n|Zk_1) =
N(kal:n; Xk—1:n|k—1> Pkflzn\kfl)' (1)
and forl = m the above equations become

Here,xx—1., = (x{_,...,x, )" is the random vector
forall k—n statesat,_1, . .., t, respectively. Analogously, hfma1(Xm+1) = Xmjm—1
X 1mfk-1 = (X)_y5_15--- Xpe_1) | i the vector con- + Wonm+1(Xmt+1 — Xmi1jm—1), (10)
S|st|r_19 o_f all expectation values of a Kalman f||te_:r with an W ojmat = Pm\mle;+1|m :nl-l-l\m—ﬁ (12)
application of the Rauch-Tung-Strieb&Tg recursion [8],
which yields the optimal single state pdféx;|Z*~1) = Rojmi1 = Pmjm-1— (12)
N (%1 %1, Pl|k_%) fori € {k —1,...,n}. The accu- WmIerleJrl\mle;qm-t,-l' (13)
mulated state covariand®;,_,.,,,—1 has the corresponding
covariance matriceBy_yjx_1,.. ., Py as its block di- This is due to the fact thdt. andD. describe a linear flow:
agonal entries. However, in general it is not block diago-
ngl [1] g g Fm—‘—l\m—l = Fm+1\mFm|m—17 (14)

Dm—&-l\m—l = Fm-l—l\mDm\’rrL—lF’m,—i-1|m + Dm-i—l\m'
(15)

2.1 ASD prediction update This representation of the prediction density in (6) has the
By renumbering the states it can be achieved that tkame structure as the expression in [1, sec. IV, (9)] for the

given accumulated statg, ., is extended t&y.,, suchthat filter density. Therefore, the ASD can be calculated follow-

tx > ... > t,. Let the new measurement to be processed Ivg the equations in there. We obtain a Gaussian density

z, With time stamp,,, € [t,, tx]. |.€.2,, is In-Sequencgf 1

t., =t andOut-of-Sequengdf not. P(Xkn|Z2"77) = N(ka? Xfin|k—15 Pk:n\k71)7 (16)



where the expectation vectat,.,, .1 and covariance ma- where the expectation valug,.,,, and the covariance ma-
trix Py.,,;,—1 depend on the sequence typezof. In detail trix P, are given by the following expressions:
it holds:

Xkn|k = Xkm|k—1 T Wi (Zm - Hmmek:n|k—1) >

.
Xpnfb—1 = (Xkfh—1s-- > Xplh—1) > (17) (24)
Wi = Pk:n\kflﬂqu;;S;jm_lv (25)
where S
Sm\m—l = HmHmPk:n\k—lanm + R, (26)
Fk|kflxk*1|k*1’ it m =k Pkn|k = Pk:n\k’—l - Wk:nsm\m—lwl—cr;n~ (27)
o Fm|m—lxm—1|k—1+ 18 i .
Xm|k—1 = (18) Particularly, the above equations allow us to calculate the

Wotimat1 Emailp_1— fm<Ek ! (s
mim 1 (Xm 11 impact of an O0S measurement with time stammn every

statex; with ¢; € [t,, tx]. To this end, we use the fact that

) . Pj..n 1 is symmetric and then pick out theth block line.
In the latter case, the predicted state pajtis also called \ye then have:

continuous time retrodictianSee [5] for a detailed discus-

sion. All other states;;,_, for [ # m are not affected in X1k = Xijk—1 + Wik (Zm — HonXojs_1) (28)
the prediction step. For shortening reasons, we have to refe T

to [1] for the calculation of.,, ;1. In conclusion, one Pur =Pup-1 = WitmSmjm-1Wijm» (29)
might say that the prediction extends the ASD expectatigvrh
vector by a new element, which represents the best knowl-
edge we have about the statg, a-priori. This is equal to
the standard Kalman prediction, if the measurement is in-
Sequence. Otherwise, it corresponds to the retrodictedl_pe-re, we again define
priori state.

F7n+1|m—1xm—1|k—1)-

ere the accumulated gain matN¥; ;. ,,, is given by

Wl\k,m = Wl\umaar{l,mHkW;rrL”HTSil (30)

m~m|m—1-

forallr > s

1
rls = s—1
W _ T —1
a=r PanEynPipgy forr <s,

(31)
2.2 ASD filtering update

In this section we describe how to process the meaherel denotes the identity matrix in the dimensionsof
surementz,, to obtain the density(xy.,|Z*). Here, Note thatthe RTS recursion is already included in the above
ZF = {Z*%1 z,,} holds, because of the renumbering merequations.
tioned in the previous section. Let therefore.,, |x,,) =
N (zm; Hyxom, Ry, be the likelihood function with mea- 3 Extension to MHT/IMM

fjur_e cova_r|art1_ce ma’in_R,%Iang rpeajubreltlnent mairblm. In many sensor applications, the sensor output can be am-

Elngli)r;)Jec |>on Tr? r:gel m Is'lltne Y t_’”x’“" B Xl”af biguous. This ambiguity can arise from imperfect detec-
wherek = m = n, Ine Kalman FIlter equations are vaid 10%;,, 4nq fajse measurements, which are also knowaiwas
the accumulated state,.,,. This is due to the fact that the

tenated o ClioH d th ¢ matri ter. In this case, the challenge of data association arises. A
concatenated projectioti,, and the measurement matrix, o nqpn methodology to overcome this challenge is the

Hop, t_)ecome a linear functign again. The sensor "ke"hoanT [4,10]. Furthermore, it has been shown that the paral-
function now has the following form: lel use of different dynamics models in an IMM in combina-
tion with the MHT outperforms most other filter techniques
P(2m|Xkin) = N (Zm; Hin Il X, R ). 19 in adequate scenarios [11]. However, the processing of O0S
measurements still is an open issue in this case. This sectio
Thus, standard reasoning for the Kalman update equati@scribes an extension of the above concluded ASD tracker
applied to the accumulated state yields by a use of Baygs’a combined MHT/IMM framework, which is able to han-
law: dle OoS measurements on the fly.
To this end, assume a sensor with a detection probability
P(Xkn| Z¥) o p(2m [Xhin) - (%R |Z*71)  (20)  Pp, and a false return density-. We further summarize the
= N (2m; HuILyXpn, Ro) (21) sensor output at timg, asZ, = {zi}j:L_,.,W, wheremy,
denotes the number of measurements at tifne
N (Xkin; Xpanfh—15 Prinjk—1)- (22)

3.1 Multiple Hypothesis Extension
Another use of the product formula (51) enables us to denvel_et ji = 0 denote the data interpretation hypothesis that

the desired filtered pdf: the object has not been detected at all by the sensor at time
. ti, i.e. all sensor data have to be considered as false mea-
P(%kin|Z7) = N (Xpini Xt Phinir) (23)  surements, while < Jjr < my represents the hypothesis



that the object has been detecte@, € Zj, being the corre- As the number of mixture components in (37) increases ex-
sponding measurement of the object properties, the remaionentially over time, mixture reduction techniques such a
ing sensor data being false. Evidently, ..., m;} denotes moment matchinpave been developed [9]. Therefore, we
a set of mutually exclusive and exhaustive data interpretaaw use moment matching in order to approximate the pdf
tions. Marginalization yields for this example a likelitbo in (37) by a Gaussian mixture with constantigomponents
function for ambiguous data given by a weighted sum &r each hypothesig,:

Gaussians and a constant (see [6], e.g.):

m ‘ ‘ P(<kin| Z°) %D (ks ikl Z%) p(Khin ik, ik, Z7).
p(Zilxk) = Y p(Zkldr:xx) pUik) (32) i
Jr=0 jr ik Lk ik jr i
’“ o = 3 N (s x5 P (@38)
o (1= Pp)pr + Pp Z N (z}}; Hixp,, Rip). it
Jr=1

(33) As we will show below, this form can be achieved by ap-
plying each model,, to the filtering density of the last step.

Data interpretation hypotheses are the basis for MHT tech? this end, we state an induction argument. Assume a mix-

niques (see [7], e.g.). The associated origin of a time serfire representation as in (38) for timg. In the first part,

Zk = {Z,, Z*1} of sensor data accumulated up to the timwe calculate the a-priori densitprediction), afterwards the

t can be interpreted by interpretation histories, a-posteriori densityfiltering) for the next stegk + 1.

jk:(jk7'-'7j1)7 WhereOSjl Smla (34)

Prediction Letthe set of measurements to be processed be
that assume at each data collection timel < | < k, a 7, = {2z }; which was produced at timg,. As in section
certain data interpretatiof to be true. Via marginalization, 2.1, we can easily achieve a renumbering of the statgto
the filtering density(xy.,,| Z*) can be written as a mixturex, ., ... such thaty.; > ... > t, andt,, € [ty thial-

over such interpretation historigs According to our assumptions, for each hypothdggis
. . i there are- mixture components. We kegp fixed and pre-
P(Xp:n|Z%) = Z Pkl Z7) p(Xk:n|ir, Z7) dict each component with every evolution modggl;. This

leads to a sum of? elements:

JE
= > P N (%m0 PRL). (35) N
dr p(Xk+1:n|Z 7,]k:) =

i : i i Ak ik Jk ik ik
where the parametess’, , andP;’, are calculated by set- Z Pl Pinsain N (Xnsrns X0 1000 PR
ting evidence to the hypothegis, i. e. without ambiguity. ~ "***+! (39)
3.1.1 Multiple Model Extension
Markovian IMM evolution models (see [12] and the literThe Gaussian densities in this equation can be calculated

ature cited therein) for object states = (xy, i;,) have the by evolution model, on the corresponding element for

form: jr andiy of the filtering mixture at time;, as described in
section 2.1. By moment matching, we reduce the number
p(Tr,ig|Te_1,ik_1) = of components to- matched elements. The density of the

i i above equation (39) is then approximated b
Pigir—1 N(de Fk;k‘]g_lxkfh Dk\k—l)' (36) a (39) PP Y

IMM models are thus characterized bykinematic linear p(xk+1:,L|Zk,jk) ~
Gaussian transition densitipéxy|xx—1, ix) and class tran- Gk ikt Cdkike1 ik ikt
sition probabilities;, ;, _, = p(ix|ix—1) that are to be spec- pkHrnlkN(Xk“:”’ XJ’€+1=n|k’ Pk+1="\k’)’ (40)
ified and part of the modeling assumptions.

By making use of the T(_)tal Pr_obablhty T_heorem, th%‘vhere the mentioned parameters are given by:
IMM approach can be combined with the multiple hypothe-

sis mixture representation of eq. 35:

Th+1

pjkli:f:mk = Zp;ckr:rk Diryrins (41)
k " . ok i
P(<kn| Z2%) =D Pkl 2*) p(xhen ik Z%) . . .
, 3 T
i X tms = OO0 X (42)
= T T A ik k1 _ 1 ik ik

2 D Pl inndel 2 M = ST b T
Ji Uyt k+1:nlk ik

p(xer|Zk77zlajk7Zk) (37) (43)



Sy erp—— 4 Discussion and Results
Jk ikl n Tet1tk

m|k k:

Prtimie i This section considers aspects of the accuracy achievable
Jk ik ik T ik ik ik ik ix by the presented algorithm. Due to necessary approxima-
’ [HmPk-ﬁ-l:n\ngle + (HmXJk+l:n\lJcrl - XJ’m|k +1> y b 9 y app

o o tions as e.g. in (40), the gained final suffers certain limita
(T3 e = x0T, (44)  tions. This is discussed in detail in the next section. The

Jesults shown in the section afterwards evaluate the wbilit
of the filter to cope with clutter, OoS measurements, and
multiple system models.

Mixing up all hypothesis we directly obtain the desired pr
diction density:

Xk+1:n Zk ~ . .
Pt J‘k ik)ﬂ i pin e 4.1 Discussion
) Z p’f“iﬂ“ﬁN(X’““:”; k+1in|k? P’€Jr1:”|’€)' (45) An important difference to the standard MHT algorithm
etk is that each weight now belongs to all states in the time win-
o o . dow k : n of one mixture component. This is due to the
F|Ite_r|ng In_ order to CaICl,"ate ’the a-posterlqu density Wfact that each measurement affects every state within the
continue a given hypothesjs 0 ji1 = (;7’“_“’“)' where - ine window. Ambiguous measurements automatically cre-
Jr+1 indicates the measuremerif ™ to origin from the ob- 546 myltiple hypothesis with distinct state quantitiesaatte
served object. As previously mentiongg,; = 0 indicates ime step. Furthermore, one should note that we do not rec-
a continuation of the track without using any of the measurgmmend the use of dynamics historigs. . . ,i; in order to
ments ofZ,, at all. differentiate the models in use for each state within thetim
By a use of Bayes law we get: window. The paradigm presented in this paper proposes one
P(Xps 1| ZHF1) = mi)_<tqre component for eac_h system model and hypothe_sis.
: This is due to the exponential growth of the number of mix-
P(Zm| Xk 1:0) P(Xky1:0] ZF) (46) ture components. A reasonable example-of 3 system
J %k 1m P(Zin [ Xy 1:n) P(Xkg1:0|ZF) models and a time window of length— n = 20 already
because of the renumbering mentioned in the previous s¥t&!ds more than abillion mixture elements for each hypoth-
tion: Z¥+1 = Z*k U Z... Now we use the sensor likelihood®S'S+ Therefor_e, tr_le computational costs would exceed the
gain in approximation accuracy.

function of (32) and the a-priori density of the previous-se

tion. A use of the product formula (51) then yields: 4.2 Evaluation

P(Xpr1n | 25T o In the chosen simulation scenario, an observed object
Zpggkﬂ_ml N(Xk+1:n' ij.v;k“ ijﬂ.ml ) moves Fhrough a virtyal environment. A sensor measures
: +linfk+1 P kALl Tkt Lnfk41/ the position of the object once a second with a normal dis-
e a7) tributed errorv ~ N(0,R) whereR = 30m - 1. For
each scan]0 uniformly distributed clutter measurements
with the following abbreviations: are added. These measurement sets are filled up into a com-
et Fh munication queue where the time stamp of each is obfus-
irriesn Ptk (48) cated with a normal distributed deldyt ~ A/ (0s, 10). This

k+1linlk+1 Z k1 Tkl

Tt ]bt 1 leads to O0S measurements, due to swapped arrival times.

For the prediction step, two dynamic models are in use.
e i ik Th_e first mqqlel, caIIe_dtatic modeluses the identity as evo-
Prttinlk+1 = Pratin|t’ lution transition matrix¥ ;. The second model, called
dynamic modedlso respects velocity (and acceleration) by
the Newton laws for dynamics. The covariance matrices
are the same for both models. The first one should be in
use when the object does not move, while the second one
(49) matches activity more precisely. In order to evaluate a rode
switching effect on the filter parameters, the simulation is
sjzmﬁ?l = Hml'ImPJ;er if:mkH;H; +R,, (50) cqnfigured such that _the object v_vaii@ steps, then moves
with a constant velocity o8 until step350, and doesn’t

and the paramete@kﬁ:;’“‘ml andPJ,;:ll:;kl‘;il given by the move anymore until the end.

ASD update with an application af}*" as in section 2.2.

Mixture reduction technigues, such as described in [RResults In figure 1 the effective model for each step in
keep the number of mixture components involved manage-simulation run can be seen. A point at modetep-
able. This is done by pruning a hypothesis, if its weight i®sents the static model being in effect at this step, while
below a certain threshold. Furthermore, similar hypoteesmodel=2 indicates the dynamic model to be in charge. Every
can be merged by moment matching. point inbetween is a real mixture of both with the available

(1= Pp)pr, if jr41 =0

Jk+1 _ Jh+1 k41 Jk+1 tht1
PD N(z"” Hmme‘;c+1:n|k+17 Sm|m71 )



Appendix
220 ] Product formula

For matrices of suitable dimensions the following formula
for products of Gaussians holds:

N(z; Hx, R)N(x; y, P) =

; Wv, P - WSWT
. N(z Hy, S) N(x;y+ _11/, WS )

N(x QP~'y +H'R '2), Q)

| (51)
with the following abbreviations:

Figure 1: Effective model in use for each step v =z Hy, (52)
S=HPH' +R, (53)
W=PH'S (54)
weight factors being spread over the two models. The curve Q'=P'+H R 'H. (55)

matches the status of the object adequate, up to a switching

delay of a few steps. This delay is enhanced by the OGketch of a proof: InterpreN(z; Hx, R) N(x; y, P) as

measurements of the sensor. In conclusion, one might $ajoint densityp(z, x) = p(z|x)p(x). It can be written as a

that the model switching of the filter is not affected by theaussian, from which the marginal and conditional derssitie

OoS measurements. p(z), p(x|z) can be derived. In the calculations we make use
of known formulae for the inverse of a partitioned matrix
(see[3,p. 22], e.q.). From(z, x) = p(x|z)p(z) the formula
results.
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